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Light-Matter interactions

Quantum optics most commonly considers light
interacting with individual "Quantum’ systems
(atoms, molecules, Quantum dots, meta-atoms ,...)



Overview : light interacting with particles (atoms)
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Limitations of Models

a) classical oscillating field drives classical electron
J absorption, dispersion

% black body radiation,non-
linear effects

b) semiclassical description

J all of the above

% photon statistics,
non-classical light fields



Light-atom Interaction

= =

a) Classical dipole in an electric field

Dipole moment: p = qr

Interaction potential energy : U; = —p - E
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Light-atom Interaction Hamiltonian
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Induced atomic dipole

a) Classical dipole in an electric field

Dipole moment: p = qr

Interaction potential energy : U; = —p - E

Quantum operators:

Semi-classical interaction

H,

p-E

Dipole moment: P = g7

Electric field : E

Full or “second” quantized interaction

H\I=_ﬁ‘/E\'
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What kinds of light are 'quantum’?

Some kinds of light are more "quantum’ than others

11



Semi-classical picture :
Atoms treated quantum mechanically/ Field treated classically

Ei,c = e, 1Esin(kx — wt + @) k = key, e;1-e, =0
k? = eppp€otow? oD OF
V X H = — = —_—
ot P05t

’e € g €
Hi, = H_bﬂ_oek X e, Esin(kx —wt+ @) =€, D 0¢ sin(kx — wt + @)
b Ko

Hp Ho
II... = E. H. .= g_bE_OEZ-Zk_ 1 |&p €9
inc = Einc X Hipnc = € sin®(kx — wt + @) I, = (Mipo)r - e == — g2
Hb Ko 2 |y to
Intensity is often approximated by I = [{ITi.) 7| =% /;—b;—" €2 ] ¢ £2
b 10
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Semi-classical picture :
Time harmonic viewpoint is still possible

VXH=—iwD = —ieyepwE

VXE=IiwB

1 1 |&g € 1 |& € 1 |& €g
M)y = =Re{Ej . X Hincl = = [—— |Eincll’e, == |[——|E.|%e, == |[——¢€%e
( 1nc>T 2 e{ Inc 1nc} 2 .Ub .UO ” 1nc” 1 2 .ub .uO | cl 1 2 .ub .Uo 1

Quantum optics avoids coding phase into complex amplitudes !

|Einc (7)||? is not an anology of |y(1)]?
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Intro: photon counting statistics

. : Output
Low intensity P

beam TI L1l |3..f Counter
B, " 1

PMT / APD Integration time
setting

PMT: Photo multiplier tube
APD: Avalanche photodiode

Explanation ?

1. Statistical nature of the photo-detection process ?
2. Intrinsic photon statistics of the light beam ?
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But do photons truly exist ?

(The semi-classical picture of light can explain blackbody radiation,
photo-electric effect, stimulated emission (lasers), ultra-fast photography, ...)

3 x 103 photons 1.2 x 10* photons

2.8 x 107 photons
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Photon flux, ®, quantum efficiency, n, photon count rate , R

1A P
® = -= = —photons s™*
hw hwp otons s

hw = 2eV

Photon-counting detectors are characterized by their quantum efficiency: n n~0.1

Number of photons detected in a counting time 7': N(T)=n —

hw

N P
Photon count rate R = o= nd =n —.

Dead times of typical detectors ~1us = 107%s = R < 10® = P~‘%2hw~2 X 107x 1.6 x 1071 <107 12w = 1pW

16



Consider a beam of light of photons of energy 2.0 eV with an average of power of 1nW.

Such a beam could be obtained by taking a He:Ne laser operating at 633 nm with a power of 1 mW
attenuated by a factor 10° with appropriate filters

P 10~° _
d=—= — = 3.1 x 10° photons s~
hw  2x1.6x10719

T=lns=L=cT =0,3m = n =T®d = ®L/c~ 3 photons in 30 cm of beam.
30 cm
< >
( () > 10w

n=1,6,3,12,2,4,4,2,3,4,3,1,3,6,5,0,4,1,1,6,2,2,6,4,1,4,3,4,6
n =3.16 An =1.81

17



Photon detection statistics in the semi-classical picture ?

30cm

—
-

( ) 10w

N

Divide the length L into N segments so small that the probability of detecting more than 1 photon is negligible

The probability of finding n sub-segments containing one photon and (N —n) containing no photons, in any
possible order is given by the binomial distribution:

! n
PO = P AP PoN
1 N! A | N! \
Pn) =E<(N—n)!Nn>n a-p" L ((N—n)!Nn> > 1

Stirling’s FormuIaNlim In(N!) = NIn(N) = N
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Photon detection statistics in the semi-classical picture

1 N! A . N \ - -
?(")za((zv—n)uvn>" (1_N)N 1"lgn°°<(N—n)!N") ! (' Pe Oﬂan

2
n 7 (N-n)(N-n-1)(7
1__N_n:1_ N_ N _— —_ ceo
( N) ( n) N + T ~
1
Do = exp(-T)
g 0.5
(N 1 PP S S S|
n" 0 5 10 15 20
1 — _T_l n n
ngnocip(n) nl € 0.4 a=1 015
0.10
§ 0.2 §
- . . . 0.05
Poisson distribution
00 TIPS PP PP | 000
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Statistical variations of the photon distribution is Poissonian

0
lim P(n) =—e™
N—>00 n'
n= Z nP(n)
n=0
0 5 10 15 20 ‘ 0 5 10 15 20
o For large 71

(An)? = z(n —)2P(n) = i

n=0 1 _1(n-n)?

P(n) = e 2 n
21N

— An 1

An =vn ? - \/_ﬁ Gaussian distribution




Statistical variations of the photo current An = /(n) =)  Ai=./(i)

i(t)
Oscilloscope/ +V, .
(@) spectrum analyser (b) hew (i }M* Ai(f)
High-intensity E Hmiﬂ FD A ‘ > |
beam _ | D 0
i(t) p .
I D D. * RE C T“(f) Classical noise

PD  Amplifier _
Shot-noise level

*

\ L:’TD

Classical noise can be reduced by electronics

Beam splitter 5050 D1

e Laser Output Laser iy Standard “quantum limit”
§ 5 Oict
. Power .
supply Detector 4 i,

Quantum noise cannot !

Going beyond the standard quantum limit requires “quantum” light ! Notably An < /(n) o



Responsivity of a photodetector

Photodiodes are semiconductor devices commonly used for measuring higher
power light which generate a current in an external circuit proportional to ®.

ne

For an incident photon flux ®, the photocurrent current i, is given by: i = ne® = —

The ratio % = % is called the responsivity of the photodiode and has the units of A. W1

Values are given by manufacturers.

One can use the responsivity to deduce the quantum efficiency of a photodetector
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Photo-detectors are never perfect !

Photo count number N : Quantum efficiency : n=-—-=

Ordinary statistical analysis : (AN)? = n?{(An)?* + n(1 —n)n

Poissonian statistics : (An)* =n

« n=1: (AN)=(An)
e Poissonian distributions (lasers) Vn : (An)?= (n) = n = (AN)?* = nn = (AN)?=nn=N

e 1<K 1: (AN)?>=nn = N, meaning that count rate statistics are Poissonian
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Photon statistics are one signature of “Quantum” (i.e non-classical) light

P (n)
A

008} 7 =100

.~ Sub-Poissonian
0.04F Poisson

. \L/Super-Pmssoman

0.00

50 100 150

 Laser light has Poissonian statistics

« Classical (non-laser) light is characterized by super-Poissonian distributions
(can be described by either classical or quantum statistical ensembles)

 Sub-Poissonian statistics can only be achieved with “Quantum” light!
(Notably however some kinds of quantum light may also have super-Poissonian statistics! )
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A few take away messages

« High quality laser light has Poissonian statistics (Poissonian statistics is a characteristic of
random processes involving integer numbers — notably radio-activity)

 Sub-Poissonian statistics is a signature of Quantum light.

* Photo-detectors need to have high quantum efficiencies in order to detect sub-Poissonian
statistics

 Low efficiency detectors tend towards Poissonian statistics even for sub-Poissonian light

 Super-Poissonian statistics does not necessarily imply “Classical light” (some forms of quantum
light have super-Poissonian statistics)
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Single mode radiation
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Discrete modal solutions of the wave Equation

In infinite space, k is continuously distributed

For guantization we prefers to work in terms discrete modes, ¢ , which are discrete and discontinuously
distributed (periodic boundary conditions)

/ kf = (er ky» kz)
21 21 21 Tkx
kx_Tnx y_Tle Z_TTLZ !
2w/ L
n; € —,..,-1,0,1,2,...00 " z
>
L
kY
A0 = ) €ADel e + AyDeik)
'
0A(r,t)

E(’r, t) = — — Eg(Ag(t)eik{}’r + A* (t)e_ikf"r) = Eg(Eg(t)eike.r + E*(t)e_ikf'r)
T ) el

4

dt

B(r,t) =V x A(r,t) = Z i(kp X €,)(Ap(D)eke™ — Ay ()e~teT)
'
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Maxwell equations reduced to equations on the coefficients

0A(r,t : . : . . .
E(T, t) = — g’; ) — _Z E{)(Ag(t)elk{)'r + A;(t)e—lkg-r) — z Eg(E{)(t)elk{"r + Ez(t)e_lk{"r)
¢ ?
1) Ae(t) — —E{)(t) Since B =V x A, the time evolution of B(r, t) is now determined

Time evolution of E(r,t) can be determined from: g—f =c’V X B

Wy = ckyp

D elBo(e™eT + (D) keT) = 27 x 7 x Alr,£) = —c2BA(r,6) = ) wF(Ap(De!eT + Ay(D)eke)
¢ ?

2) Ep(t) = wsA,(t)
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Normal mode formulation of the Maxwell equations

"Normal mode’ amplitude a,(t)
1-photon electric field “amplitude”

1 1
ap(t) = 25;().13\/. lwpAp(t) — iE ()] = Nl [Q,(t) — iE, ()] W) = /2716%
1) A,(t) = —E,(t) 2) E;(t) = w5A,(t)

Time evolution (Normal mode) d,(t) = —iwp|wpA,(t) —IiE,(t)] = —iw,a,(t)

Normal mode equation contains all the information on the temporal evolution of the radiative EM field:

ap(t) = —iwpap(t)
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Normal mode formulation of the Maxwell equations

Canonically conjugate pairs Q,(t) and P,(t) :

1 1
a,(t) = (1) lweAp(t) — iEp(8)] = NeT3 [Q,(t) + iP,(t)]

h wpA h h h
Qe(t) = f = (f)“) ﬁ[‘”“) +ia;(D)] Py(t) = — ﬁ ’?’(ﬁ? = % ﬁ[axt) — a;(8)]
w. p-w.

Given A,(t) = —E,(t) and E,(t) = w5A4,(t)

!

Q. (t) = wy Pp(t) Pp(t) = —wp Qu(t)

These equations are also equivalent to the EM field equations



Hamiltonian of the electromagnetic field

HZZH[
4

Hamilton equations. of a harmonic oscillator

0y
He = —-(QF + P/)

d oH
th(t) ~oap, Pe()
dP oH
;Et) ~90, —wpQy(t)
ap(t) = — (Qe(t) +iPy(1))
Q.(t) = [ae(t) + a, ()] P,(t) = \/— lap(t) — a,(t)]
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Fields in terms of the complex-valued normal mode amplitude:

1
a,(t) = =D lweA,(t) — iEp(8)] = [Q,(t) + iP,(t)]

p.w.

Since : \/é w{)/(lf)(t) = Q,(t) = ag(t) + a;(t)]

\/__

(1)
A(r,t) = z €o(Ap(t)e e + Ap(t)etkeT) = Z €eSpw. lap(Det®eT + c.c.|
7 g
€y I()lv)v
2 ay(t)et e + c.c.
e

) lkg X €p

[a{;(t)e ikpr _ a; (t)e—ikg-r]

B(r,t) =V x A(r, t)—zg(l

k, X €
= Z d {18(1) (la (HetkeT 4+ c.c. )
e




Fields in terms of the complex-valued normal mode amplitude:

Since : P =~ (MO = Mo, (t) ~ ;0] === Ey(0) = i€ [ (®) — i)

Epw, |

B0 = Y (i@t + Bi(0e k) = Y el i (0 — (et

?

7
= Z lieggl()_lv)\,_a{)(t)eikf'r + c. c.]
?
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The 1-photon amplitude, €53 (w,) is determined as the value which expresses the
classical energy, H = ‘;—Ofd3r(52 + c2B?), as a sum of harmonic oscillators

, k, X e .
E(r,t) = Z iegglg_l‘,)v_[iag(t)e‘kf'r + c. c.] B(r,t) = 2 {)w—/gl(,_lv)\,_(iag(t)e‘kf"" + c. c.)
? ?

j d3rE? = vz [glg_lgv]z {la,(Day(t) + a,(Oa_, (O] +c.c.}
'

1) —
E = |——
P-W. ZEOV

f d3rc2B? = VZ [Elg_lv)v_]z {la,(D)a,(t) — ap(t)a_p(t)] +c.c.}
?

€o hw,
H=—|d3r(E*?+c?B?) = ) —[a,()a;t) +a,a,(t)]= ) H
o > o ol =




Resume of modal field expansions:

638(1) .
A(r,t) = z ij' ay(t)etkeT + c.c.
?

1-photon electric field “amplitude”

E(rt) = Z [iegé’( ) a,(t)eteT + c.c ]
?

fla){)
Eov

Ep (1) w(wp) =

B(r,t) —z[ ke E{)é‘(l) ay(t)etker + c. c]

This convention for modal field development corresponds to that used by Glauber in his pioneering papers of
1963 and remains by far the most common form.

This convention will be used in the rest of this course and in the homework.
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Quantum field (Heisenberg picture) : 'second quantization’

EH(T, t) — Z 81:():_[‘/)v_[i6gé\l£€_i(w€t_k€'r) — igfa}-ei(w{’t_k{”r)]
£

p.w.

V[ T

= > e |evtpe (@ ker2) g et ker )]
4

c@® —

Eq(r,t) =Y, eggl()_lv)\,_[dge‘m + &Iein] = EM ()+E (1)

T
)@Ew{)t—k{)-r—i

ha){)

2€,V
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Quantum field (Heisenberg picture) : 'second quantization’

8(1) — fl(,l)g
p-w. 2€,V

En(r,t) = ) &5n [estre™% +&afeix!] = EO(rp)+EO (x)

?
c)
BH(T, t) = 2 p(;W. [kg X Egage_l)({) + kg X Eg&;e‘Xf]
4

T
X{,Ea){)t—k{wr—z
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Second quantization means that field amplitude are now operators

Commutation relations for the ladder operators [éi{), &T] = Opg

[d;f ,d,t] =0 lag, ax] =0
The ladder operators, a}? and d, respectively create and destroy photons in a mode ¥ :
a,|n)y =vn+1in + 1),
dpln), = Vnln — 1),

The number operator, N, = d}d{) counts the number of excitations, i.e. ‘photons’ in mode ¢ :

No|n), = @Iaeln)e = n|n),

38



Single-mode field operator : E,(x,)

T

E,(xo) = E{’g;().lv)v.[afe_i“ + &Ze"“] = Ee(+) (Xe)+Ee(_) (xe) Xe = wpt —kp -1 — >

Field operator E, in “natural” units : 81()13\, = /M -1
B ZEOV

Drop the £ index and E(x) = €E ()

E(y) =de X 4+ atex = E® () + EC)(yp)

T

X=wt—k-r—=

39



Single Radiation Mode - Fock States

Fock state (number state) :  |n,) — |n) n “photons’ in radiation mode ¢

Eigenstate of number operator : N, - N = Al
and the normal ordered Hamiltonian of the mode : H,: —: H: = hw(a'a) = hwN

H:|n) = hw(c’i*&)m)
= hwN|n)
= hwn|n)
= E, |n) = hw,,|n) W, = Nw w = wy is the angular frequency of the mode ¢

Expectation value of the number of photons

(N)=(n|N |n) =(n|n|n)=n

40



Average value and fluctuations of observables

Average value of an observable: (0) = (0),, = (Y| O|y)

Since O is Hermitian, (0)y is real valued

Fluctuations of measurement of the observable, O :

(80)2 = (] (0 - (0))° )
= (| 02 — 20(0) + (0)° |y)
= (] 02[) — 2(0) (| OY) + (0)” (Wl

= (] 02|p) — ()

= (0%)—(0)’
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Single Radiation Mode - Fock States

Fluctuationsinn:  (An)?= (n| (N — (IV))2 In)

(an)? = (n| (N — (N))" |n)
= (n| N2 = 2N(N) + (N)"|n)
2

= (n| N%|n) — (N)

=n?-n?=0

N

a

.l.

a
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Single Radiation Mode - Fock States

Field expectation value : (E(x))

(E(x)) = (n| Ge X + ateX|n)
= e~ X(n|@|n) + e¥(n| at|n)

=0
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Single Radiation Mode - Fock States

Field fluctuations : (AE()())Z

(AEGD)" = (E2(0) — (EQ)” = (nl (@™ + ate®) |n)  (n.u) (EQ) =0
= (n| aae™*X + atate®™ + aa® + a'aln) aat =1+ ata

= (n| 2a%a + 1|n)

= (n| 2N + 1|n)
=2n+1
~ hw
AE(r) = VZn ¥ 1(n.u) = VIn T 1603, (0] E2(10) = 1(n.w) = £, &= [2e,y
0

(n.u) = ("natural units")



Single Radiation Mode - Fock States

Field fluctuations : Variance

AE(Y) = (B2(0)) — (EQO)DYV2 = V2n + 165,

E\

‘I'\) i) (V/\\"' [\\/ \ ,vv XN
ARG ln\‘
\ DY \

} ""b U"U."’ A

Y \.l\ v

AE(Y) =V2n + 165y,

fl(i)g

- 2€qV
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Field states of single radiation field mode: Coherent States
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How to reproduce classical motion in a HO

lwl? arg(yp)
N B S

06 i
g TP TRTRE-TRLTE ey
04f
0.3t
D2~
1y | VS TP DU O S

0.0

6 4 2 0 2 4 6
x [(A(mw))"?]
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Classical Field States - Coherent States ) = e 2'“'22\/_

What we want: States of light, whose expectation values corresponds to classical E.M. waves!

Solution: Coherent States: la) = |a(0)) = e —lal’ z\/_ Heisenberg picture

L 1, s X nf,—iwt
a(t))= e~ EHt/|q(0)) = 72! za (e\/_' ) In) Schrodinger picture
n.

d _
_ |a(0)e‘i“)t) ihﬁ |a(t)) =:H:|a(t))

n=0

a is complex valued: a = |a|e'?
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How to reproduce classical motion ina HO o) =e” 2'“'22\/—

We adopt a “normal ordered” Hamiltonian

for the m : ~
or the mode ¢ H: = hwa'ta

Superposition of Fock states reproduces oscillating wave-packet motion !

N . . 2
la(t))= e "t/ q(0)) o |0) + e~ @ta|1) + e“z“)t% 12) + -+

Cco

a(0) = e 2 N
n

lEn

—inwt

In>—€_§'alzz J In) = |ae™'*f)
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Properties of Coherent States

i) |a) are eigenstates of the destruction operator a :

Demonstration :

i) = ae N ) = 2PN gy
adla) = de n)=-e —adln
n:Om n:OW
:e_ilalzza—nﬁm—n=e‘%'“'2a AN
n=0\/? - 1\/(71—1)'
o m
_ __—>lal? z a .
= ae 2 —|m) = ala)
m=0\/m!

_1

| |2 afn
< n=0 Vn! In)

dla) = ala)

m=n-—1

50



Properties of Coherent States

ii) |a) are normalized

1 n

~glal? Z ¢
|a> =e 2 —_—
Vn!

(m|n> = 5n,m
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Properties of Coherent States

iii)

I”

|a) are “quasi orthogona

(@|p) = o—3121% ,—31B1% z z a )m B <m|n>

m=0n=0

_ polal? - |/3|Zz (a” ﬁ)" _ ooolal? 3181+

@) = ¢ 72 Z\/_

<m|n> = 6n,m

(a|B) = e 2P —lB P+’

= exp E (a*p — ,[)’*a)] e_%[|“|2+|'8|2_“*ﬁ_ﬁ*“] = exp E (a*p — ,8*0()] e_%la_ﬁlz

(a|B)|? = ele=FI” % 0

la =Bl > 1= [Ka|B) — 0
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Properties of Coherent States

iv) Coherent states form a complete set of quantum states

. d?a
1= [ “Za)al
T
Demonstration :
00 00 ana*rm
jd2a|a)(a| =je‘|“|zz Z InW(m| d?«a
n!m!
n=0m=0
(0.0] (0.0] 0 2
_ z z |n><m|f dre—r2rn+m+1f 7qubel(n—m)e
=0 m=o VI M Jo 0
n¥n| ® ” n¥{n| <
P YL P o Y PR
n! n!
n=0 0 n=0 0
= nz|n)(n| =nl

a = ret?
d?a = rdrd6
2T .
1j~ dg e'=mb = 216,
0

y=r’
dy = 2rdr

f dye Yy" = n!
0 53



Properties of Coherent States

la) = e

v) Average photon number : [ « 71 = (n) = (a|a@Td|a) = |a|*(a|a) = |a|?

1
—§|04|2

n=0

an

Vnl
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Properties of Coherent States

vi) Photon number variance  (an)? = (a| (N —{

N

N @) = (a| N2|a) — (N)°

= (a| aTataa|a) + (a|ata|a) — |a|*

= la|* + |a|? = |a|*

=la|* =7

An = |a| =Vn

la) =e 2

(00]
1
la|? E

n=0

an

Vn!

)
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Properties of Coherent States

vii) Photon number distribution

P(n) = [{n|a))?

Poisson distribution of the number of photons

la) = e 7l z \7—:_' n)

n=0

(n|m) — 5n,m
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Properties of Coherent States

vi) Photon number distribution

P(n)

005+

0.00

P(n) = [n|a))? = e —

n!

015F

- ’-.
$33ssseet? ®osossaisbsssseneee s

. #

&

Poisson distribution !

&

0

10 15 20
In

25 30

@) =7y j_:—. n)

n=0

An = |a| =Vn

An
n

=l
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Properties of Coherent States

vi) Photon number distribution

P() = L(n|a))> = e =

n!
Poisson distribution
& ® I T T T 1 T T
: i=3
0.1s| -
L .
=10
0.10 —~ _
g . e, in=20
El... . ” *
0.0s| = “
- . * *
*» £ ]
[ ] L 2 i
L & *‘.
E'.UU-:+++++++YYT.?F!!i!!t-uvuuuuuukk

n=0
An B 1
o vn
For large n
1 _1(n-n)?
P(n) = —e 2 10
21N

0 5 10 15 20 25 30
In

Gaussian distribution

58



Properties of Coherent States

vii) Average Electric field of a coherent state
(EQ) =A{alEQ)|a) = (a|ae™™ + aTe'X|a)
= (a|ae ™ + e X a*|a)
= |a[{alePe ™ + eXe = |q)

= |a|(e—i(x—9) + ei(x—é’))

= 2|a|cos(y — 8)(n.u.) = 2|a|cos(y — 9)815,13%

a = |a|et?

@) =7y j_:—dm

n=0

8(1) _ h(i)g
p.-w. ZEOV

59



Properties of Coherent States

vii) Average electric field of a coherent state

(EQD) = (alE(|a) = 2|alcos(x — 6) (n.u.) a= la|et?

< A

2| ]
=

Field representation in a Phasor Diagram

Rea
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Properties of Coherent States _ lal?
la) = e Z\/_

viii) E-field fluctuations (variance)

(AE(D)” = (@lE2(0)le) — (EG)| KEGO)? = 4lal?cos?(x — 6)

~ L N2
(a|E2()()|a) = (a|(ae o+ aTe‘X) |ax) la,at] =1 mm) aat =1+ ata
= (a| (a e 2 + (a*) e?X +aat +ata ) |a)
= (a]a2e~2ix 4 (at)*e?¥ + 1 + 2atd|a)
= a?e 2 + (a*)?e? X +2|a|? + 1

= (ae™ + a*ei)()z +1= Ial(e_i()(_g) + ei(X_Q))z +1

AE(x) = 1(n.u) = €53,

= 4|al?cos?(y — 0) + 1
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Properties of Coherent States e i a

viii) E-field fluctuations (variance)  AE(y) = 1(n.u.) = 51(),1\,)\,.




(0] an n)
—lal? |
tates E
of Coherent S
ties
Proper

1(n-u.) p
I Ce)
i ield uc

E A

(1)
AE(y) = 1(n.u.) = Epw.

2|a|




Properties of Coherent States

ix) Energy of coherent states

(H) = (a|: H: |a) = hw{a|N|a)

= hw(a|lal?|a) = hw|al?

(H) = hwn

=)

n=|al®«<I

Q)

Q)

la) = e

1
—§|04|2

n=0

an

Vnl
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Properties of Coherent States

ix) Fluctuation of of coherent state energy

(AH)? = R2w¥(a| (N — (F)* @) = (a| N?|a) — (a| N]a)

= h?w?*n = h?w?|al?

AH = hw|«a|

AH 1
(H) |«

-
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Coherent state - a displaced vacuum
Displacement Operator (shifts any coherent state by «a ) 2lal 1
al/ 1
-~ ~t kA -~
[D(a)ze““ ““] D(a)|B) = |a + B) ‘A

Coherent State is a “displaced” vacuum state: |«) = D(«)|0) Rela]
D(a) = e®d'-a’a — pA+B A=aat B=-a'a |4, B] = —|a|?[at, a] = |al?
We need the disentangling theorem : | D(a) = e4*8 = ¢ A8 o3lA8] _ oBohgslAB)

o
.
.
.
.
.
.
.
.
.
.
o
.
.
.

And (aT) |0) = v/n! |n)

.
Py
..
..
.
---
.
.
..
Py
&
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The classical beam-splitter
(energy conservation constraints)
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The “classical’ beam-splitter

We assume that all beams have the same polarization and frequency

E, E, = RE; + TE,
Input (modes)

E, =T'E, + R'E,

E—) —
E; E, (Ea) (R T) (El)
Output (modes) p—
- l Ep T' R/ \E;
(no losses, idealized BS) r \

_ (R T\ . .
S = (T’ R’) IS a general S-matrix
. J




Symmetric beam-splitter S-matrix :
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Energy conservation in a symmetric beam-splitter

1
I < |H|2 X |E|2 HZERe{E*XH} Input

(modes)
b=t N
l Output

a (modes)
[E1]? = |Eq|? + |Ep|? = (IR|?> + T|?)|E;|* == |RI* +|T|*> =1

(56 D)
I, =1, +1, Ep T R/\E,

| =s(;)

E5|2 = |E'g|? + |E'p1? = (IR|? + |T|P)|E,|? == [RI*+IT|*=1
2 a b
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Energy conservation in a symmetric beam-splitter

L+ =1,+1, IRI?+|T|? =1 Input

l (modes) E

Ot t
|Ey|% + |E,|* = |Ea|2 + |Eb|2 utpu

a (modes)
E R T\ /(E
()= R ()
s(;)

== RT+T*R=0 E, = RE, + TE,

E, =TT + RE,

= (R*E; + T*E2)(RE, + tT) + (T*E; + R*E2)(TE, + RE,)

= |E 1>+ |E,|?+ (R°T + T"R)E{E, + (TR* + T"R)E,E;
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Full energy conservation === unitary S-matrix

_ Q-1 R* T*\(R Ty\_(1 0 E
St =5 — (T R*) (7 =0 1) Input 21
(modes)
Eq Ey
Output
|R|2 + |T|2 =1 Eal (modes)
T*R + R*T =0 (Ea) _ (R T) (El)
Ep T R/ \E;
. . —g(H
Let us write: R = |R|e'®r and : T = |T|e'®r = (Ez)

. , T
IT||R|e!(Pr=¢T) 4 |T||R|e~{(¢Pr=%1) = @ ‘ cos(¢ppr — pr) =0 ‘ ¢r — P = >

—————————————————————————————

Setp, =0 mm) ¢R=g, ei7= | mm—) T — |T| R—>i|R|§

_____________________________
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50/50 symmetric beam-splitter

Symmetrized 50/50 beam-splitter: |[R| = |T| = \/—15 R =1iT
S Ezl
g ) erl]pgdtes)
(22) =56 () — =
\ / Output
Eal (modes)
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Non-symmetric beam-splitter

E,
Input (modes)

—) —)
E Ep

Output (modes)

E, = RE, + TE,

E, = T'E, + R'E,

(£2) = (7 &) ()

(no losses, idealized BS) e

o= (

.

R T
T R

~\

) general form of the S-matrix

J
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Non-symmetric 50/50 beam-splitter

- . — _p!' — 7! i
50/50 beam-splitter: R=—-R' =T =T = 5

§S=ST =§"1
()50 D6




Justification for this choice : Partially silvered mirror?

. o 1

Non-symmetrized 50/50 beam-splitter: R = —R' =T =T' = v
n,cosf; — n,coso ny —n,

TS(F) _ TJFF) _ M i 2 t Hi — 0 rs(p) _ rfp) _
n,cosb; + n,cosb, ny + n,
— _
(F) _ (F) _ M2C0Sbi — 1,C0S0; (P _ () T2 T
=N = p || S
P n,cosf; + n,cosb; 1+ 1
>




S-matrix for a "non-mirror symmetric” 50/50 beam-splitter

50/50 beam-splitter: R = —R' =T = T' = —

V2
S=ST =§!
()50 DE)




General form for a unitary 2 X 2 S-matrix

Beam-splitter, A, ¢y, ¢, R, T € R RZ+T?=1
4 )
_ inj2 [eV/? 0 ) R T (e“l’/ 2 0 )
>=e ( 0 e/ (T _R) 0 e-it/2
\- y,

_ eiA/Z (eilp/ZRei¢/2 eil/)/ZTe—i(b/Z ) _ eiA/Z (RI TI )
e_h/)/ZTeiqb/z _e—il/J/ZRe—iCl)/Z o T’* —R’*

S'I‘ g — (R/* T’ )(Rr T’ ) _ |R|2 + |T|2 R*T' — T'R"™* _ (1 O)
. TI* _RI TI* _RI* TI*RI _ RITI* |R|2 + |T|2 O 1



General form for a unitary 2 X 2 S-matrix

Beam-splitter,A=O,1/)=</)=§,R,TEIR{ R24T2 =1
4
_ inj2 (e 0 ) R T (ei”/4 0 )
>=e ( 0 p—lm/4 (T —R) 0 p—in/4
\

-

IR T

T

IR

)
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The quantum beam-splitter
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Classical vs guantum

Input-output relations:

Input
(channels) E,
—) —)
E
Output
E; l (channels)
Classical

Input (channels)

—

Quantum

—

Output (channels)
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Quantum beam-splitter

Input-ouput relations:

Input (channels)

— —

CAl3 Output (channels)

Il
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Quantum beam-splitter

Let us find @, and a, in terms of d; and a, :

d3 — Rfll + T&z

R*C/i3 — |R|2€l1 + R*Taz

T*@4 — |T|2€l1 + T*Raz

|

(IR|> +IT1®) @, + (R*T + T*R)d, = R*d3 + T*4,, mmmm)

l
Input

(channels) G,
—) —)

ay
ds Output
(channels)

az\ _(R T (@1)
(d >_(T R) a,
IR +|T|*=1
R'T+T*R =20

al — R*é\l3 + T*ﬁ4
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Quantum beam-splitter ) l

az
Input
R .~ .~ R . . (channels) G,
a, =Ra;+T a, as; = Ra, +Ta, — —
ay
a,z — T*&S + R*&4 C/i4_ — le + R&Z
a Output
(channels)
We can obtain the inverse relations directly by recalling that : S ~
(2)-G D)
B a T R/\a,
@3) _3 (?) (E1> _ §_1 (53) _ ?T <E3>
4 2 E, E, E,
IRI? +|T]2= 1
R*T+T*R =0

Il
Il

Gn TR



Creation and destruction transformations

4, = Ra, + Ta,

(',ib — T&l + Raz

----------------------

A N B .

———————————————————————

———————————————————————

-----------------------

- -

IRIZ 4712 = 1

Output
(modes)
Jr
2
Input
(modes)
gy
a
Output
(modes)
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Single photon on a BS

Input State

11)110),

11)110), = a]10)1]0),

( shorthand for |1),]0),[0)5 [0),)

10)2
al l
Input
(channels) al
—) —)
1, af
~t 1 Output

3§ (channels)
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Single photon on a BS ) l 10),

Input
Input state (channels) a,
—) —)
|1)1]0), ( shorthand for [1),]0),|0)5]0), ) 1), @
a Output
1)110), = @110)410); = @]0)1]0),]0)3|0)4 = a7 |0) 3] (channels)

Output state: al = Ral +Tal

al10)110), = (Ral +Tal)|0)s10), = (Ral + Tal)|o)

[ a1]0) = Ra1|0) + Tal|0) = R|1)3|0)4 + T|0)3]1), J Entangled state ! ?
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Single photon on a 50/50 BS

Input product state: |1),]0),

Output entangled state:

NN N N NS NN N NN NN RN NN NN NN SN NN NN SN NN NN NN SN NN N S NN N R

10)
l
Input
(channels) a,
—) —)
1), Q1
a Output
(channels)

al =ral +tal
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Single photon on a 50/50 BS

Average output photon number:

<N3) = (

/\1-/\

) = 2(0] 1(1]alas|1),10),

al = R*al +T7a}

= (0] ((1|(R*a] + T*al)(Ra, + Td,)|1),|0),

— |R|2 2<0| 1(0||0)1|0>2

1
= RI? >

2

. . A 1
Likewise one can show that (7,) = |T|? - E

R l 10),
a,

Input
(channels a,
—) —)
1), Q1
a Output
(channels)
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Single photon on a 50/50 BS l 0);

a
Input
Correlations: (channels) a,
(N3Ng) = 2(0] 1{1[N3N,]1)1]0), 1), a4
1 . ~ =~ . A Output
= E( (1] 30 + i 4(0] 3(1])N3N,(i|1)3]0)4 + |0)3]1)4) a3 & (channels)

= 0 Result impossible to predict by a classical theory !

Highly nonclassical correlations between detection in output due to entanglement !
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Anti-coincidence measurements were used by Alain Aspect in the
1980’s to prove that he had obtained true 1-photon sources of light !

1-photon sources
(Wave particle duality, entanglement, Bell inequalities, quantum cryptography,...)

P. Grangier G. Roger and A. Aspect
EUROPHYSICS LETTERS

Furophys. Lett., 1 (4), pp. 173-179 (1986)

classical domain

quantum domain

Coincidences
"\‘ . \ L 1 1 1 N
C
0 \ 0.5 1.0 1.5

v=0.1 a=0.18+0.06

Alain Aspect : https://www.coursera.org/learn/quantum-optics-single-photon
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The Quantum beam-splitter
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Operator transformations in the quantum beam-splitter

Input-output relations:

ay
Input (modes)

E! — [ —

Output (modes) Output (modes)

l

. 2 2 _
Classical [R|*+IT|* =1 Quantum

()= D) ()= D)

Input (modes)
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Creation and destruction transformations

4, = Ra, + Ta,
&b — T&l + Raz

----------------------

———————————————————————

———————————————————————

-----------------------

- -

IRI> +1T1* = 1
d
Input
(modes) I
Output
(modes)
.I.
2
Input
(modes)
T ﬂ
a
Output
(modes)
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Single photon on a BS (Fock space) : "normal ordering”

_ Input @zl
Input representation : (modes)
ap
%) = [1)10), = @110)110); = a;]0) = N -
1
s : sensitivity of the detector : a l Output

OR%
> (8P-W-) =0 n : Quantum efficiency of the detector (n < 1)

- 2 - - 2 A A
wD(r,,6) = s[[EX (g, )W) = s(PIEO (g, OED (1, 0)|®) = 5 (£53,) (Wlalaa|®) = n(0la,ala,al|0)
4, = R, + Ta, al = R*al + T*al
=n(0|a,ala,a;|0y = n(0la,(R*al + T*al)(Ra, + Ta,)al|0) = nIRI?(0la,a]a,alj0y  [ay,al] =1
n |a1aaaaa1| ) 77( |a1( a, + az)( a + az)a1| ) =1n|R| ( |, 1 1a1| ) [allal]
= nIRI%0|(a;a, — 1)(aja, — 1)]0) = n|RI*(0|aja,a; d;|0) — 2n|RI*(0|a; @|0) + nlRI?(0[0)

= n|R|2(0|ala’a,a,10) — nIRI2(0|aTal0y + 1|R17(0]0) = 7| R|?



Single photon detection probabilities follow semi-classical predictions

Input representation :

W) = |1),]0), = al|0),]0), = a]0)

w®D(r,, t) = s||[EP @, D) = 1R

wD(r,, ) = s|ED (1, @) =717

Input 4
(modes)
- ‘i
Output
aq (modes)

7
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1-photon incidence is beyond the “classical” regime

Input at
(modes) 2

[|W>=|1>1|0>2=aI|0>=RaZ|0>+T&b|0> J q a
—) —)
af k

w@(r,, t;r,, t) = s?

n’
2

Output
2 a:rll (modes)

1 ' ' !
% E® (r,, OED (1), t)|P)

A ~ ~ 2
(aqap)(Rajt|0y+Tal10)) || =0

Generally considered as proof that light is indeed quantum !

But also, ... spooky “action” at a distance !
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1-photon on a beam-splitter as a means of “entanglement” ?

Input representation :

W) = [1)1]0), = al|0);]0), = al|0)

Output representation: @, = Ra, + Ta}

Input af
(modes) Z

Py = a!|0) = Ra!|0) + Ta; |0) = R|1),]0), + T|0),|1), Entangled state ?
1 a b
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Since the 1980’s we know that light obeys quantum mechanical laws!
1-photon sources

P. Grangier G. Roger and A. Aspect
gating signal ==+ N gates EUROPHYSICS LETTERS
Europhys. Letl., 1 (4), pp. 173-179 (1986)

- classical domain

—

= e e o e e e e e e o S e e

gquantum domain

a={N_N [N N_]

Coincidences

N

(

0 \ 0.5 1.0 1.5

[v=0.1 «=0.18+£0.06

“Quantum phenomena do not occur in a Hilbert space. They occur in alaboratory.” Asher Peres

Alain Aspect : https://www.coursera.org/learn/quantum-optics-single-photon



Number state on a BS

Number state on a beam-splitter |n),|0),

(&))"
N

rRal + Tah)" 1 v k —k
= N ) 0)=—=> () ®a)"(a)" 10 a = Rl +7a]
- " k=0

|n)110), = 10)

n!
k!'(n—k)!

D

NgE

k -k
() ReT™* (al) (@)™ " 10) Binomial coefficient () =

w‘
Il

0

Ran_k\/(Tk) |k)zln — k)a

The probability of finding a photon number |j); at in the output state of detector 3

k

Il
o

PU) = | atn—jls(jin)i]0), 12 = RAIT20=D ()
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Coherent state on a BS ]

Input
_ (channels) 4
Input product state of a coherent state in channel 1 : |a){]|0), e e
|1>1 a1
a Output
(channels)
adl-a*a adl—a*a
|a}1]0), = e 110) = e*™1 10)
_ ea(Rd;f+TdI)—a*(R*d3+T*d4) 10)
@1 — R*ag + T*&4

~T ~T * % A * % A
(Raa3 +Taa4)—(R a*d;+T a*d,)
€ 0) al = Ral +Ta)

A'l'_ * %k A f\'l'_ E P P
— eRadz—R a az ,Taa,-T a a4|0>

= |Ra)3|Ta),

For coherent states, both input and output state descriptions are product states

There are other ways to obtain this result. Can you find them ?
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Quadrature operators
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Quadrature parameters - Classical Considerations

Classical electromagnetic field: E(t) = &, sin(k - r) sin(wt + ¢) = Ey[sin(¢)cos(wt) + cos(¢)sin(wt)]
(quadrature description)
= &, sin(k - r) [X;cos(wt) + X,sin(wt)]

Quadrature parameters : X, = sin¢ X, = cos¢
Phasor representation of the field: ,-"M"“n‘
. !,! \“
E(t) = goae—lwt + C.C. 1: qb ‘lk a = |a|ei¢’ = (X1+iX2)
[
= Eo|ae @t + a*el@t] i‘q.\ 7 1
\ g
= Ey[X;cos(wt) + X,sin(wt)] TNt i
1 1
X, = Re(a) = E(a + a*) X, =Im(a) = Z(a —a’)
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Quantum Quadrature operators

Definition: Quadrature Operators

2_1
1=

%0, %,] = - [0,P] = in
1

X 1 XoM
¢
X
1 | \ 109
qu = E (éie_‘qb + C/I\,Telqb) \\ //
\ //
\
0 _ L —ip _ At id k \//%
Xq,)%—z—i(ae —atel?) 1 >
X1
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Relations between dephased Quadrature operators

Definition: Quadrature Operators X R XoM
P+3
\ 1X¢
] . \ ,
X, ==(a+a") . . N 2
2 a=2X +iX, N R
\
A 1 X X R R R \ \ //\
X5 Ez—i(a—aT) at = X1 —iX; \‘/ s >
X1

1 . . _ (e7 +el?)  _ [el? —Tl0 _ _

X =5(€le_‘¢ +€lTe“/’) = IXl( > )+X2< T ) = X;cosp + X, sin®
1, (e —ei®) et 4 it o
X¢+g = Z(ae P — aTe“p) = (Xl 57 +iX, 57 = —X;sin¢ + X, cos ¢
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Field operator E,(x,) in terms of Quadrature
Xy = %(&e‘i‘p + ate'?)

_ 1,
X¢+g=z(ae “p—aTe“f’)

For a single mode ¢ : E(y) = eeé_lv)v_[&e‘ix + atelx]

= e [)?(pe—i()(e—cl))+ Ryeittm® 4 (X remite=® _ % o

P+

B = 2€€(, |9y cos(re = 8) + %, x sinGe - )]

T

b+
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A famous « nuissance » in E,(x,)
Xe Ewet —Kp-r——=

E(y) = 2639, [)?¢ cos(te = §) + 7,z sinCte — ¢)]

=2ecM |2, cos a)t—k-‘r—qb—E +X . rsin wt_k.r_(/)_f
IR 2) " oty 2

= 2€€(, [)?¢ sin(wt —k-r—¢) — X, ncos(wt —k-r— ¢)]

1
b+
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Vacuum state has isotropic
Gaussian fluctuations

Phase space distribution of the vacuum

Vacuum state: |0)

e~ X1
P(O)(X1)=|(X1|O>|2= \/E
) , e
P X,) = [(KX,]0 = —
(X2) = [(X2|0)] N
Fluctuations:
5o . .2 1 s . 2 1
AX; = [(0]XZ]0) — (0]X,]0) =5 AX, = [(01X5]0) —(0]X,]0) =5

. VI 2 1
AX =\/O|X2|0—0|X|0 == _ 52 _< o > _
2 = {01710} — {0]X;|0)" == AX,, m = <O|X(p+%|0> 01,,10) =5

108



Phase space distribution of coherent states

Coherent state: |a) a = |ale'? = (X, +iX,)

e—(Xl—Re(o:))2
P(O)(X1) = |(X1|a)|2 = (Xi|a) = NG

—(Xz—Im(oc))2
POWM,) = [(Xla)? ==
N

Fluctuations:

. . 1
AX, = \/(a|X12|a) — (a|X1|a)2 = >

N ~ 1
AX, = \/(a|X22|a) - (a|X2|a)2 =5

Coherent states have isotropic
Gaussian fluctuations

\\ // 2
\ 7 ¢
\\/\/// \
+ >
X1
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Phase space distribution of field states
Fock state: [n) H, (x) is a Hermite polynomial of order n

P(n)(X1) = |(X1|n)|2

n=>3
11 .
- ﬁae A [H, (X))

Fluctuations:

A%, = J{nIR21n) — (] n)” =

N e
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Phase space distribution of field states
Fock state: [n)

P(n)(X1) = |(X1|n)|2

11 2
= ﬁae"“ [Hy (X1

Fluctuations:

v2n+1

AX; = \/(n|)?12|n) -~ (n|)?1|n)2 = >

B=13
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Squeezed states of light

X

Coherent state Phase squeezed light amplitude squeezed light
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